In this study, experimental and numerical analysis of pearlitic transformation plasticity were performed in a three-point bending loading system. First the experiments were performed in bending and tensile-compressive loading systems with the same austenitization condition. The obtained pearlitic transformation plasticity coefficient for S45C steel was different for the each loading system. Therefore a new constitutive equation which called Drucker-Prager model was proposed to consider the relationship between tensile and compressive experimental results. This new model shows the dependence of hydrostatic stress. To evaluate the validity of this model, a three-point bending test was simulated with Abaqus Standard for both von Mises type and Drucker-Prager type models. The theory of phase transformation was coded in user subroutines for the each model. The simulation results (von Mises and Drucker-Prager) were compared with experimental results of tree-point bending system. The results show that the Drucker-Prager model is exactly match to the experimental results of bending test, but the results of von Mises model are different to the experimental results.
Introduction
Steels are one of the most important materials used for different purpose such as automobile industries, building structures and etc. Steels parts often require heat treatment process to obtain desired mechanical properties. Numerical simulation of heat treatment is required to evaluate the microstructure and thermo-mechanical behavior of materials.
In particular it is well known that, when heat treatment process performed coupling effects 1) occur between stress/strain, temperature and microstructure. By applying extremely small stress to a material during phase transformation, a mechanical phenomenon which is one of these effects named transformation plasticity (TP) is observed.
The thermo-mechanical behavior of materials undergoing a solid-solid phase transformation has largely investigated experimentally and theoretically by many researchers 2)-8) . This paper is divided in two sections, experimental study and numerical simulation. First the experiments were carried out in a three-point bending test with the same austenitization conditions with uniaxial tests 4) and then the proposed constitutive equation for Drucker-Prager model 9) and von Mises model 10) were numerically analyzed with a three-point bending loading system. The calculation results of each model were compared to the experimental results.
Constitutive Equation
Numerical modeling of heat treatment process must include laws and algorithms describing thermal evolution, phase transformation, genesis of internal stress and interactions between them. Indeed, user subroutines allow developing special constitutive behavior of a material which is not predefined in Abaqus Standard to be available.
Moreover, user subroutines permit especially to define solution dependent state variables (SDVs), user defined fields (FIELD) and heat flux (FLUX) due to internal heat generation in a material. In this study some of the user subroutines such as USDFLD, UMAT and HETVAL 11) have been written as 
Kinetics of Transformation Plasticity
Phase transformation in the solid state may be divided in two categories: Diffusional and diffusionless transformations.
Diffusional transformation is that in which the new phase has a different chemical compositions than the parent phase and the new phase can only be formed with movement of atoms over relatively long distances such as ferrite or pearlitic transformation. Diffusionless transformation do not change the composition of the parent phase, but rather only the crystal structure and the most commonly encountered transformation of this type is the martensitic transformation 12), 13) . The studied material in this paper is S45C carbon steel with pearlitic transformation and the kinetics of the diffusional transformations is described by the Johnson, Mehl, Avrami and Kolmogorov (JMAK) 14)-16) equations as follow:
Where and are transformation start and finish times can be obtained from TTT diagram 17) . and are the volume fraction of transformation start and finish, respectiviely
The volume fraction of the phase transformation progression for the th ( = 1, 2, … , ) phase can be expressed as . In the analysis of phase transformation, material constants are necessary to define for the each metallic structure. If the materials consists of phases, the volume fractions of all phases is:
Transformation Plasticity Constitutive Equation
To perform the von Mises isotropic hardening model with consideration of phase transformation, the total strain increment is:
Where, ∆ , ∆ , ∆ ℎ , ∆ , ∆ are elastic, thermal expansion, transformation expansion, plastic and transformation plastic strain increments, respectively.
The stress increment with consideration of phase transformation can be expressed as
In this equation the modulus of elasticity is considered as temperature dependence.
The von Mises type constitutive equation for the transformation plastic strain rate is given by Greenwood and Johnson 10) as:
Here, is deviatoric stress and is transformation plasticity coefficient, respectively. In this equation the transformation plasticity behaviour is assumed to be isotropic.
However, according to Hikida et al. 4) , the pearlitic transformation of S45C indicates that there is anisotropy in the transformation plastic strain due to applied stress and they proposed new constitutive equations as:
Where, , , ̅ and are transformation plasticity coefficient under uniaxial tensile loading, first invariant stress (where is equivalent to hydrostatic stress), von Mises equivalent stress and hydrostatic dependent parameter, respectively. In the above equations, it is assumed that the transformation plasticity coefficient ′ depends on the stress.
The parameter can be determined by the following equation using transformation plasticity coefficient under uniaxial tensile loading and compressive loading . = − 2 (10)
Heat Conduction Equation with Consideration of Phase Transformation
The heat conduction equation is derived from the energy conservation low as follow 18) :
Where, is the mass density of material, is the specific heat, is the latent heat due to phase transformation, is the thermal conductivity coefficient and is the heat generated per unit volume due to heat supply.
Experimental Procedure
Experiments were performed in a three-point bending system. The specimen is fixed at one end and simply supported at the other, and subjected to a bending stress between the two supports 19) . The specimens are fabricated from S45C steel rods of volume 1.0 × 8.0 × 135.0 mm 3 . The chemical composition of the steel (S45C) is shown in Table 1 . 
where , , and are geometrical moment of inertia, applied bending load, distance between simple support and fixed support and measured transformation plastic deflection of loading point, respectively.
Numerical Simulation
The proposed constitutive equation by Hikida et al. 4) was analysed with Abaqus Standard Version 6.13, for S45C in a The validity of proposed constitutive equation for transformation plastic strain 4) was simulated under the two analysis conditions as follow.
Case 1 (von Mises Model)
The constitutive equation of transformation plastic strain in Eq. (7) was subjected to three-point bending system with the austenite to pearlitic phase transformation. In this case the transformation plasticity coefficient which obtained by tensile loading system 4) has been used. 
Experimental and Numerical Results
The measured and calculated results of cooling history for 23.5 MPa maximum bending stress have been plotted on CCT diagram 17) as shown in Fig. 2 
Conclusions
The transformation plastic deflections in terms of threepoint bending system were calculated using the constitutive equation considering phase transformation plasticity by Abaqus Standard. The obtained transformation plasticity coefficient through the experiments with uniaxial (tensile and compressive) loading system and hydrostatic dependent parameter have been used in the von Mises and Drucker-Prager constitutive equations. The comparison of bending tests results with calculation results, the transformation plastic deflection of calculation with Drucker-Prager model have a good agreement to the experimental results and the von Mises results are slightly larger than the experimental results. According to the proposed Drucker-Prager constitutive equation and the results of transformation plasticity behaviour, the transformation plasticity coefficient for the pearlitic transformation is dependent on the hydrostatic stress. In addition, it is necessary to evaluate the validity of the proposed Drucker-Prager constitutive equation with different materials for other transformation plasticity.
